Continuous Random Variables
Some random variables are not limited to a finite or countable range of values---they can take on any value from a continuum.  Typically, random variables derived from measurements (temperature, height, diameter, etc.) fall into this category.

As an example, the Normal Distribution gives rise to the famous bell-shaped curve.



The CDF for a normally distributed random variable is shown below




The Normal Distribution occurs commonly in practice and is widely used to model variation due to the Central Limit Theorem.

The Normal Distribution is characterized by two parameters:

(  
-
mean of the distribution (where it is centered)

(
-
standard deviation of the distribution (measure of   spread)

When X is normally distributed with mean ( and standard deviation (, we write



( N((, ()

Central Limit Theorem
If 

Z is the sum of n independent random variables

then 

Z approaches a normal distribution as n grows larger.

Many business, economic, social, and manufacturing variables are actually compositions of a large number of independent random variables.  As a result of the CLT, the normal distribution is an accurate and useful probability model for decision making.  

Example:  Sum of n Dice










Rules of Thumb for Applying CLT
	Required n
	Characteristics of Independent Random Variables Being Added

	4
	Well-behaved, bell-shaped but not necessarily normal



	12
	No prominent node to the distribution - appears similar to uniform distribution



	100
	Ill-behaved - most of the distribution is in the tails




Important fact:  If X is normally distributed with mean ( and standard deviation (, and if 



, then

Z is normally distributed with mean 0 and standard deviation 1.

Adding Normal Distributions
If Z is the weighted sum of independent, normally distributed random variables, then Z is normally distributed.

More precisely, if



i( N((i, (i)

and if



,

then

Z ( 

.

Example:  X is normally distributed with a mean of 2 and a standard deviation of 3.  Y is normally distributed with a mean of 

-1 and a standard deviation of 1.  Z = X + 2Y.  What is the mean and standard deviation of Z?

Solution.  The weight on X is 1, and the weight on Y is 2.  

The mean of Z is given by 

1*(2) + 2*(-1) = 0.

The standard deviation of Z is given by




Sample Applications
1.  The lead time for processing an insurance claim is normally distributed with a mean of 6 months and a standard deviation of 2 months.  Your quoted lead time is 8 months.

a.  What percentage of your claims will you process within the quoted lead time?

Solution:  We want to calculate P{X ( 8}.  To do so, define a new random variable

 

.

Note that X ( 8 if and only if 2Z+6 ( 8.

Thus 

P{X ( 8} = P{2Z+6 ( 8} = P{2Z ( 2} = P{Z ( 1}.  

Since Z follows a standard normal distribution, we can use a table of the standard normal distribution to determine that 

P{Z ( 1} = 0.841.

Thus, 84.1 percent of the insurance claims will be processed within the quoted lead time.

Sample Applications
Alternative Solution:  Use the EXCEL spread sheet NORMDIST function. 

The NORMDIST function is given as

 NORMDIST(value, mean, standard deviation, logical)

where

1. value is the value for which you want the distribution,

2. mean is the mean of the distribution,

3. standard deviation is the standard deviation of the distribution, and

4. logical = TRUE when we want the CDF value and False when we want the PDF value.

In this case, we want to calculate P{X ( 8}, so we want the CDF value.  To do so, enter the following formula into a cell of your spreadsheet:

=NORMDIST(8, 6, 2, TRUE).

 Note:  Prior to the advent of spreadsheets, using the first approach of converting to a standard normal distribution so that you could look things up in a table was about the only way to do things.  Now it is easier to use the spreadsheet.  

Sample Applications

1b.  Continuing the previous example, suppose we want to quote a lead time that will allow us to be on time 95% of the time.  

Solution:  

Using EXCEL.  Use the NORMINV function which is given as:

NORMINV(probability, mean, standard deviation).
For our case, we enter the following into a cell of the spreadsheet:

=NORMINV(0.95,6,2)

to obtain the required lead time of approximately 9.3 months.   

Without Excel.    We will have to use the standard normal transformation as discussed above.  First, we will the table to find a value of z that satisfies the following:

P{Z ( z} = 0.95.

From the table, this value is z = 1.645.  To convert this into months, use the fact that, since



, 

it must be that X = 2Z + 6.  Thus, the required leadtime, in months, is given by

X = 2*1.645 + 6 ( 9.3 months.  

Sample Applications

2.  A piston in a heart valve must fit into a sleeve.  Due to inevitable variations in manufacturing processes, the diameters of pistons and sleeves vary somewhat.  The diameter of a sleeve, denoted D, is normally distributed with a mean of 0.0650 inches and a standard deviation of 0.0002 inches.  The diameter of a sleeve, denoted d, is normally distributed with a mean of 0.0600 inches and a standard deviation of 0.0002 inches.  

A critical factor that determines how long the heart valve will last is the clearance between the piston and the sleeve, defined as 

Clearance = C = D - d.

a.  Is C normally distributed and if so, what are its mean and standard deviation?

C is a weighted sum of independent normals, and hence is normal.  The weight on D is +1 and the weight on d is -1.  Using our formula, we find that 

mean = 1*0.0650 - 1*0.0600 = 0.005

standard deviation = 


b.  The nominal design clearance is 0.005 inches, but the heart valve will function acceptably so long as the actual clearance is held to within plus or minus 0.0002 inches of the nominal design standard.  What fraction of the piston/sleeve assemblies will meet the required tolerance?

We want to know the probability that a given clearance will lie between 0.0048 and 0.0052.  

However,

P{0.0048 ( C ( 0.0052} = P{C ( 0.0052} - P{C ( 0.0048}.

Using EXCEL, we can calculate the latter two probabilities:

 P{C ( 0.0052} = NORMDIST(0.0052,0.005,0.000283,TRUE) ( 0.76

P{C ( 0.0048} = NORMDIST(0.0048,0.005,0.000283,TRUE) ( 0.24

Thus, approximately 52% of the heart valve assemblies will meet the desired tolerance.  

Standard Normal Table
Reading down the column gives the 1st decimal place in z, reading across the row gives the 2nd decimal place in z.

The table entries are probabilities that the standard normal is between 0 and z.  

	z
	0
	0.01
	0.02
	0.03
	0.04
	0.05
	0.06
	0.07
	0.08
	0.09

	0
	0.00000
	0.00399
	0.00798
	0.01197
	0.01595
	0.01994
	0.02392
	0.02790
	0.03188
	0.03586

	0.1
	0.03983
	0.04380
	0.04776
	0.05172
	0.05567
	0.05962
	0.06356
	0.06749
	0.07142
	0.07535

	0.2
	0.07926
	0.08317
	0.08706
	0.09095
	0.09483
	0.09871
	0.10257
	0.10642
	0.11026
	0.11409

	0.3
	0.11791
	0.12172
	0.12552
	0.12930
	0.13307
	0.13683
	0.14058
	0.14431
	0.14803
	0.15173

	0.4
	0.15542
	0.15910
	0.16276
	0.16640
	0.17003
	0.17364
	0.17724
	0.18082
	0.18439
	0.18793

	0.5
	0.19146
	0.19497
	0.19847
	0.20194
	0.20540
	0.20884
	0.21226
	0.21566
	0.21904
	0.22240

	0.6
	0.22575
	0.22907
	0.23237
	0.23565
	0.23891
	0.24215
	0.24537
	0.24857
	0.25175
	0.25490

	0.7
	0.25804
	0.26115
	0.26424
	0.26730
	0.27035
	0.27337
	0.27637
	0.27935
	0.28230
	0.28524

	0.8
	0.28814
	0.29103
	0.29389
	0.29673
	0.29955
	0.30234
	0.30511
	0.30785
	0.31057
	0.31327

	0.9
	0.31594
	0.31859
	0.32121
	0.32381
	0.32639
	0.32894
	0.33147
	0.33398
	0.33646
	0.33891

	1
	0.34134
	0.34375
	0.34614
	0.34849
	0.35083
	0.35314
	0.35543
	0.35769
	0.35993
	0.36214

	1.1
	0.36433
	0.36650
	0.36864
	0.37076
	0.37286
	0.37493
	0.37698
	0.37900
	0.38100
	0.38298

	1.2
	0.38493
	0.38686
	0.38877
	0.39065
	0.39251
	0.39435
	0.39617
	0.39796
	0.39973
	0.40147

	1.3
	0.40320
	0.40490
	0.40658
	0.40824
	0.40988
	0.41149
	0.41308
	0.41466
	0.41621
	0.41774

	1.4
	0.41924
	0.42073
	0.42220
	0.42364
	0.42507
	0.42647
	0.42785
	0.42922
	0.43056
	0.43189

	1.5
	0.43319
	0.43448
	0.43574
	0.43699
	0.43822
	0.43943
	0.44062
	0.44179
	0.44295
	0.44408

	1.6
	0.44520
	0.44630
	0.44738
	0.44845
	0.44950
	0.45053
	0.45154
	0.45254
	0.45352
	0.45449

	1.7
	0.45543
	0.45637
	0.45728
	0.45818
	0.45907
	0.45994
	0.46080
	0.46164
	0.46246
	0.46327

	1.8
	0.46407
	0.46485
	0.46562
	0.46638
	0.46712
	0.46784
	0.46856
	0.46926
	0.46995
	0.47062

	1.9
	0.47128
	0.47193
	0.47257
	0.47320
	0.47381
	0.47441
	0.47500
	0.47558
	0.47615
	0.47670

	2
	0.47725
	0.47778
	0.47831
	0.47882
	0.47932
	0.47982
	0.48030
	0.48077
	0.48124
	0.48169

	2.1
	0.48214
	0.48257
	0.48300
	0.48341
	0.48382
	0.48422
	0.48461
	0.48500
	0.48537
	0.48574

	2.2
	0.48610
	0.48645
	0.48679
	0.48713
	0.48745
	0.48778
	0.48809
	0.48840
	0.48870
	0.48899

	2.3
	0.48928
	0.48956
	0.48983
	0.49010
	0.49036
	0.49061
	0.49086
	0.49111
	0.49134
	0.49158

	2.4
	0.49180
	0.49202
	0.49224
	0.49245
	0.49266
	0.49286
	0.49305
	0.49324
	0.49343
	0.49361

	2.5
	0.49379
	0.49396
	0.49413
	0.49430
	0.49446
	0.49461
	0.49477
	0.49492
	0.49506
	0.49520

	2.6
	0.49534
	0.49547
	0.49560
	0.49573
	0.49585
	0.49598
	0.49609
	0.49621
	0.49632
	0.49643

	2.7
	0.49653
	0.49664
	0.49674
	0.49683
	0.49693
	0.49702
	0.49711
	0.49720
	0.49728
	0.49736

	2.8
	0.49744
	0.49752
	0.49760
	0.49767
	0.49774
	0.49781
	0.49788
	0.49795
	0.49801
	0.49807

	2.9
	0.49813
	0.49819
	0.49825
	0.49831
	0.49836
	0.49841
	0.49846
	0.49851
	0.49856
	0.49861

	3
	0.49865
	0.49869
	0.49874
	0.49878
	0.49882
	0.49886
	0.49889
	0.49893
	0.49896
	0.49900

	3.1
	0.49903
	0.49906
	0.49910
	0.49913
	0.49916
	0.49918
	0.49921
	0.49924
	0.49926
	0.49929

	3.2
	0.49931
	0.49934
	0.49936
	0.49938
	0.49940
	0.49942
	0.49944
	0.49946
	0.49948
	0.49950

	3.3
	0.49952
	0.49953
	0.49955
	0.49957
	0.49958
	0.49960
	0.49961
	0.49962
	0.49964
	0.49965

	3.4
	0.49966
	0.49968
	0.49969
	0.49970
	0.49971
	0.49972
	0.49973
	0.49974
	0.49975
	0.49976

	3.5
	0.49977
	0.49978
	0.49978
	0.49979
	0.49980
	0.49981
	0.49981
	0.49982
	0.49983
	0.49983

	3.6
	0.49984
	0.49985
	0.49985
	0.49986
	0.49986
	0.49987
	0.49987
	0.49988
	0.49988
	0.49989

	3.7
	0.49989
	0.49990
	0.49990
	0.49990
	0.49991
	0.49991
	0.49992
	0.49992
	0.49992
	0.49992

	3.8
	0.49993
	0.49993
	0.49993
	0.49994
	0.49994
	0.49994
	0.49994
	0.49995
	0.49995
	0.49995

	3.9
	0.49995
	0.49995
	0.49996
	0.49996
	0.49996
	0.49996
	0.49996
	0.49996
	0.49997
	0.49997

	4
	0.49997
	0.49997
	0.49997
	0.49997
	0.49997
	0.49997
	0.49998
	0.49998
	0.49998
	0.49998
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